VECTORS

L. Position Vector Of A Point:
let O be a fixed origin, then the position vector of a point P is the vector

(ﬁ. If a and B are position vectors of two points A and B, then,

—_

AB = b-3 =pvofB-pvofA.

DISTANCE FORMULA : Distance between the two points A (2) and B (b)
BAB=‘5—5‘
na+mb a+b

=——. Mid point of AB =
m+n 2

=

SECTION FORMULA:

®
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II. Scalar Product Of Two Vectors: a.b =|3|| | cos 6, where |31, | bl

are magnitude of @ and b respectively and 0 is angle between a and b.

5 _a b
1. ii=jj=kk=1;ij=jk=ki=0 < projection of @ ON ‘m
2. If a =a,i+a,+ak &b = b,i+ b,j + b k then ab = ab,+ab,+ab,
. ab
3. The angle ¢ between 3&b is given by €08 ¢ = m, 0<¢p<m
4. a.b=0<3alb (3+0 b=0)
I1I. Vector Product Of Two Vectors:
1. Ifa &B are two vectors & 0 is the angle between them then 5Xb=|5”b‘3in on ,

where 11 is the unit vector perpendicular to both a&b such thaté,B&ﬁ
forms a right handed screw system.

2. Geometrically‘éXb‘ = area of the parallelogram whose two adjacent sides

are represented bya&b .

3 ixi=jx] kxk=0 ; Tx]:R,]szT,ﬁxfz]
4. fd=ai+aj+ak &b =b+bj+bK then
ik
éXBZ a1 82 a3
by by b,
5. axb=0 < aandb are parallel (collinear)

(3=0b=0)ie.da=Kb, where K is a scalar.
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. _ o D A ax
6. Unit vector perpendicular to the plane of a&bisn=4+ ——
‘a xb ‘
& Ifé,B&E are the pv's of 3 points A, B & C then the vector area of triangle

1
ABC = Eaxb+bxc+cxa,

The points A, B & C are collinear if a Xb + b x¢ +¢ xa =0

& Area of any quadrilateral whose diagonal vectors are al & az is given by
1‘~ ~
_fdixd,
5| 1742
' . - "\2 ~2—‘2 =1 \2 éééB
& Lagrange's Identity : (axb) :|a| ‘b‘ —ab) :"BBB
abbl

Iv. Scalar Triple Product:

& The scalar triple product of three vectorsga | B & ¢ is defined as:

axb.c =[d[b[|¢| sin6 cos¢.

@ Volume of tetrahydron V=[abg]
& In a scalar triple product the position of dot & cross can be interchanged
i.e.
a.(bx¢)=(axb).c OR[abc]=[béa]=[cab]
> a.(bx¢)=—4.(¢xb) ie. [4b¢] = —[d¢b]
. CREPEL]
- If d=ai+aj+ak:b = b,itbj+bk &C = c i*+c j+c k then [@bG]={b;b,bs| .
C1C2C3
@ Ifd, b, ¢ are coplanar <[bc]=0 -
@ Volume of tetrahedron OABC with O as origin & A(a ), B(b)and C(C)
1 o=
be the vertices = E[a bc]
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& The positon vector of the centroid of a tetrahedron if the pv's of its vertices
area, b, ¢ &d are given by % [5+E+E+a].

V. Vector Triple Product:
dx(bx¢)=(@.8)b—(@.b)¢, @xb)x¢ =(@.¢)b—-(b.0)a

@ (@xb)x¢ # ax(bx¢), in general
3-DIMENSION
1. Vector representation of a point :

Position vector of point P (x, y, z) is xi + y] +zK.

2. Distance formula:

, AB=|AR - OA
\/(X1—X2)2+(Y1—Y2)2+(Z1—22)2 0B ~ OAl

3. Distance of P from coordinate axes :
PA=\/y2 122 PB=v/z2 +x2 ,PC= {/x% +y?
mx, + Nnx my, +n mz, +nz
4. Section Formula: x= 2 L e Y2 Ty ,z= 2 1
m+n m+n m+n
. . X1+ Xo Yit+Yo Z1+t72p
Mid point: X = Y= L=
¢ poil 2 2 2
5. Direction Cosines And Direction Ratios

(i) Direction cosines: Let a, B, ¥ be the angles which a directed line
makes with the positive directions of the axes of x, y and z respectively,
then cos o, cosf, cos y are called the direction cosines of the line. The
direction cosines are usually denoted by (¢, m, n). Thus ¢ = cos o, m = cos

B,n=cosy.

(ii) If ¢, m, n be the direction cosines of a line, then /> + m? + n? = 1

(iii) Direction ratios: Let a, b, ¢ be proportional to the direction cosines
¢, m, n then a, b, ¢ are called the direction ratios.

(iv) If ¢, m, n be the direction cosines and a, b, c be the direction ratios

of a vector, then

c
__a ,m=+ b N==
va? +b? +c? Va2 +b? +c2 Va2 +b? +¢2
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(vi) If the coordinates P and Q are (x,, y,, z,) and (x,, y,, z,) then the
direction ratios of line PQare,a=x,—x,,b=y,—-y &c=z,—z and

L . . Xy =X
the direction cosines of line PQ are / = ,
| PQ]
- Z,—Z
m=yz 71 andn= —2—"
| PQ| |PQ]
6. Angle Between Two Line Segments:

a,a, +bsb, +c4c,

N/af+b12+c12\/a§+b§+c§

cos O =

The line will be perpendicular if a,a, + b,b, + ¢c,c, = 0,

Lo a b C
parallel if —L =—L e
a 2 G
7. Projection of a line segment on a line

If P(x,, y,, z,) and Q(x,, y,, z,) then the projection of PQ on a line having
direction cosines 7, m, n is

|£(x2 -X,)+m(y, -y,)+1n(z, _Z1)|

8. Equation Of A Plane : General form: ax + by + cz+d = 0, where a, b, ¢
arennotall zero, a,b,c,de R.

(i) Normal form: (x+ my+ nz=p
(i) Plane through the point (x,, y,, z,) :
a(x—x)+b(y-y)+c(z-2z)=0

Xy z
(iii) Intercept Form: —+=+—=1
a b c
(iv) Vector form: (T —a).n =0or r.n =4a.n
(v) Any plane parallel to the given plane ax + by + cz + d = 0 is
ax + by + cz + A = 0. Distance between ax+ by +cz+d, =0 and

cpiee 19i-0o]
ax+by+cz+d,=0is = ——————
va® +b® +c?
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AN

(vi) Equation of a plane passing through a given point & parallel to
the given vectors:

T =a+Ab +puC (parametric form) where A & p are scalars.
or T (B X C) =a. (B X C) (non parametric form)

A Plane & A Point

(i) Distance of the point (X, y’, ') from the plane ax + by + cz+ d =0 is
ax'+by'+cz'+d
given by ﬁ
a“+b +c
(i) Length of the perpendicular from a point (3 ) to plane T.1 =d
- 13.5—d]|
is given by p = ———.
|n|
(iii) Foot (X', ¥', Z') of perpendicular drawn from the point (x,, y,, z,) to
the plane ax + by + cz + d = 0 is given by ~1 _ y;y1 _ T4
Cc
(ax4 + by, +cz; +d)
a?+b?+c?
(iv) To find image of a point w.r.t. a plane:

Let P (x,,y,, z,) is a given point and ax + by + ¢z + d = 0 is given
plane Let (X', y', Z') is the image point. then

X'-Xq Y-y, Z'-zy _ ) (ax4 + by, +cz,+d)

a b c a?+b%+c?

Angle Between Two Planes:

aa'+bb'+cc'
Ja? +b2+c2 Va2 +b? +c2

Planes are perpendicular if aa’ + bb’ + cc’ = 0 and planes are parallel if

cos O =

a b ¢

a v ¢

®
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13.

AN

The angle 6 between the planes T .n, =d,and T .0, = d, is given by, cos
) n, .1,
0, [ |6, |
Planes are perpendicular ifﬁl.ﬁ2 = 0 & planes are parallel if
i, =AMN,, &is a scalar
Angle Bisectors

(i) The equations of the planes bisecting the angle between two
given planes

ax+by+cz+d =0andax+by+c,z+d,=0are

aX+byy+ciz+dy _ 4 @X+byy+cyz+dy
2 W2, .2
\/a1 +b? 4¢3 \/a§+b§+c§
(i) Bisector of acute/obtuse angle: First make both the constant terms
positive. Then
aa,+bb,+cc,>0 = origin lies on obtuse angle
aa,+bb,+cc,<0 = origin lies in acute angle

Family of Planes

(i) Any plane through the intersection ofax+by+cz+d,=0 &
ax+by+c,z+d,=0is
ax+by+cz+d +A(ax+by+cz+d)=0

(i) The equation of plane passing through the intersection of the
planes T .1, =d, & T.0, =d, isT.(n, + A1,) =d, + Ad, where
A is arbitrary scalar

Volume Of A Tetrahedron: Volume of a tetrahedron with vertices
A (XY, 2y), B(X, Y5, 2,), C (X, Y, Z,) and

X1 y1 0z 1

1 |X2 Y2 %2 1

D (x,, Y, z,) is given by V =g X3 Y3 z3 1
Xg Yo Zy 1
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A LINE

1. Equation Of ALine
(i) A straight line is intersection of two planes.
it is reprsented by two planes ax + b,y + ¢,z + d, = 0 and
ax+b,y++c,z+d,=0.

X=Xy Y=Yy Z-Z

(ii) Symmetric form : = = =r.
a b c

(iii) Vector equation: T =a +Ab
(iv) Reduction of cartesion form of equation of a line to vector form & vice

versa

X—X Y=y _277% = N A A A ~

FETL T T e TEk itz ) @] b reg).
a C
2, Angle Between A Plane And A Line:
X — — 7Z—7Z
(i) If 6 is the angle between line L = YN = and the
4 m n

plane ax + by + cz +d = 0, then

) al+bm+cn

sin 0 = .

\/(az +b? +cz) V0% +m? +n?
(ii) Vector form: If § is the angle between aline T = (& + Ab) and
d then sin 0 b.i
T-n*= ensin = ———|.
[b|[n]
i . ¢/ m n ~
(iii) Condition for perpendicularity — =— = — , bxn =0
a C
(iv) Condition for parallel al+bm+cn=0 b.n =0
3. Condition For ALine To Lie In APlane
X—X — 7Z—7Z
(i) Cartesian form: Line L - Y~ ¥ = ! would lie in a plane
m n

ax + by + cz + d =0, if ax, + by, + cz, + d = 0 &
al+bm+cn=0.

(i) Vector form: LineT =a + 7»5 would lie in the planef .n
=dif b.ni =0&4a.1 =d
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Skew Lines:

(i)

(ii)

-
[l
&)

(v)

+Ab&T =8, +pubis d=

The straight lines which are not parallel and non—coplanar i.e.
non—intersecting are called skew lines.

x—a _y-B_z-y  x=a' y-p'_z-y

line & = =
nes 14 m n 0 m' n'
a-a B-f y-y
fFA=| ¢ m N | %0, then lines are skew.
A m n'

Shortest distance formula for lines

- - - - - 2794 )-
F=a1+kb1andr=a2+kb2isd=‘ ‘q q‘ ‘

Vector Form: Forlines ¥ = a, +Ab, and I = a, + b, to be skew

(b xby).(8, —d,)# 0

Shortest distance between parallel lines

(a, —aq) x b
b

Condition of coplanarity of two lines T =8 +Ab & I=C+ nd is

b d]=0

ol

[a—

Sphere

General equation of a sphere is X2 + y2 + z2 + 2ux + 2vy + 2wz + d = 0.

(—u, —v, —w) is the centre and /2 + v2 + w2 —( is the radius of the sphere.
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